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SUMMARY 

Journeys are usually made in a number of stages involving a series of 
consecutive stages or trips which are linked in the sen se that each stage 
or trip follows and precedes another stage or trip, but the decision to enter 
or leave a particular stage or trip may or may not be d�pendent upon some 
function of the last one entered. This report sets up tests to determine 
whether such 'dependent' linkages exist. One possible approach is that 
of Markov chain s, and the use of this technique in this and other 
circumstances is investigated. A particular data set based on the 1971 
Readin g Survey has been employed to demonstrate the working of the tests, 
and it is shown that 'in this town Markov chain liihkage between different 
stages of a journey can not be demonstrated. The absence of such checks 
in other published papeY's using Markov approaches throws some doubt on 
their utility. Data on the movements of pedestrians in the Basingstoke 
shopping precinct have been used to show how such tests can be used in 
practice, and a stationary first order chain is demonstrated to be consistent 
with these data. 

\ 
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1. INTRODUCTION 

The modelling of travel behaviour is normally conducted at a highly 
aggregated level . Journeys that are undertaken in quite different ways vvill 
generally be grouped together if tiley have s'ingle dominant mode or purpose. 
If a journey is a series of linked trips to a series of destinations then 
each journey would probably be grouped according to major purpose and so the 
linkage of trips would be ignored; similarly the opportunity to model the 
modes of transport used during the journey is lost. Categorisation is 
usually by the main mode of transport employed and so the linkage with any 
preciding or subsequent mode of transport, destination or trip purpose is 
ignored. 

The unit of a trip is too coarse and too ambiguous for practical use 
when the behavioural aspects of influencing or affecting travel demand are 
being considered. The coding invetnions for transport data often actually 
ejects or aggregates the inherent link between different activities - let 
alone between different modes and in a single complex journey - and the 
effort required to reconstruct linked records of travel behaviour can be 
substantial, even assuming that the sequence data can be recovered from the 
source tapes. 

Causal or behavioural analyses are always desirable, but a necessary 
basic first step is to assemble data in an effective and relevant structure 
pertinent to the behaviour in question. Such graphical and tabular devices 
�re invaluable, and this paper pursues transition matrices as a further 
addition to the descriptive armoury. Certain models of aggregate behaviour 
are related to transition matrices of specific types, and the relevance 
these Markov models are examined in some detail with several examples of 
transport data. 

If a journey is defined as a sequence of trips, then the trips are 
linked at first order if the probability ,of being on a certain trip depends 
only on the previou� trip and not on the earlier trips of the journey. In 
this case, a suitable framework for recognising the, influence of trips and 
purposes on model choice, is provided by representing each Ilegl of a multi­
leg journey as a unit, and builging 'tfansition probability matrices to 
summarise the probability that the following leg will be on a specific mode 
or purpose. Such matrices can be constructed from basic transportation 
survey data but are rarely produced. If trips are found to be linked then 
this must be recognised and suitable models for determining the pattern of 
but distinction and model choice must be constructed. 

Non home based journeys are not as straight forward to handle as 
home based: there is a greater element of chance in the transfers between 
activities such as shopping, personal business etc. , and is combined in a 
behavioural or causal manner can cause real problems in the proper treatment 
of accessibility and evaluation (Morris et aZ. 1978) . 

ACKNOWLEDGEMENTS: We would like' to thank
' 

J.E. Beard�'lOod (now of the Greater 
London Council) for carrying out the processing of trip data into linked 
journey format, and L. Gyenes, E. Dalby and J.D. Downes of the Transport and 
Road Research Laboratory, for access to the test data used for the illustrations 
in this paper. The views expressed are those of the authors, and do not 
necessarily reflect those of any associated organisation. The work was 
developed from an informal working note originally prepared in 1971 when 211 
the named parties were working at the TRRL. 
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If it is desired to model modal choice using a set of transportation 
data, then in order to construct a pertinent model it is necessary to check 
to see if any relationship exists between consecutive travel movements and 
choi ces of modes of transport for these movements. 

Markov processes describe systems that have a finite' number of possibl e 
'states, such that they are always in exactly one state at any point in time 
but thi s state lTlay change from time to time. The process formed by the 
sequence of states occupied following each 'transition· may be described by a 
Markov chain -j f two fundamental conditions are sat; sfied. ' 

(a) The probability of entering a certain state at a transition does not 
depend on the proces:; prior to entry into the current state, and 

(b) This probability doe� not change with time or position in the sequence 
.of occupied states. 

If the data are consistent with condition (a) an order one linkage 
exists; if condit-ion (b) is sat-jsf'ied an effect-ive result for the analysis 
of travel choice has been determined. If condition (b) is not satisfied, the 
transi ti on probabil i ty matri ces deri ved are s ti 11 a useful form in whi ch to 
hold the data. If no order one linkage is found, it may still be possible 
to prove the existence of an order Inl linkage. In which case condition (a) 
should then read:-

'The probability of entering a certain state at a transition depends 
only on the n-l states occupied prior to the transition and not 
on the earlier history of the process' . 

There are few statistical tests designed to detect the presence of 
Markov chains or test the inherent assumptions, notably Anderson and Goodman 
(1957) and Chatfield (1973) . The main test used here described by Anderson 
and Goodman (1957) where tests are given for several cases:-

(a) That the transition probabilities for successive transitions remain 
constant 

(b) That the chain is of a given order, and 
(c) That several samples of data are from the same Markov chain of a given 

orde r. 
\ 

To test each of these hypotheses Anderson and Goodman give both the 
likelihood ratio criterion and the �2 test (see Appendix A), but they do not 
discuss in detail the power of the tests, nor which tests are appropriate under 
given circumstances. 

This is covered in a paper by Lissitz
2(1972) where he compares the 

power of the likelihood ratio criterion and x test. For the case of larqe 
samples he demonstrates that the likelihood ratio criterion has the greater 
power, but that the difference between the two tests is small. He concludes 
that either test could be used . .  
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2. SOME PROBABILISTIC MODELS IN TRANSPORTATION 

Suppose that an individual 's travel movements are divided into legs, trips and 
journeys. Each of them may be defined in this context: 

(a) A leg is that part of a trip travelled by an individual on a single mode 
of transport without interchange. Consequently, every time there is a 
change in the mode of transport a new leg is started. 

(b) A trip is a sequence of' legs with a common purpose; every time there 
is a change of purpose a new trip is started. 

(c) A joumey is a sequence of trips made by an individual; the last trip 
of a journey being one that is either not followed immediately by 
another trip, or is defined by some .other external rule (e. g. 'return home' 

. as a last trip in a journey). 

Consider a travel data set, based on these travel units and in which 
there are N possible modes of transport and I possible purposes for each leg of 
a joumey. From thi s data, one can construct a set of trans iti on matri ces 
which describe the pattern of transfers between successive legs of the journeys 
made by individuals. These matrices can be defined as follows: 

For the first legs of'all journeys, we have -

1'1 = number of legs made for purpose i, 1, 
Pi1 = proportion of legs made for purpose i, 
nij1 = number of legs for purpose i made by mode j, 
mij1 = proportion of legs for purpose i made by mode j. 

Then, we develop vectors, 

L1 = 

P . 1 = 

and Mil = 

From each 

(111' '21' - - lIl) ;, 
(Pll' P21' - - - ""' "  PIl) ; 
(m'j 11' mi 21' miN1) 

of the Mi l' form the N x M diagonal 

m - -- ----0 t1j 1, 
I m2j1 

" 
... 

" 
" 

" 
I " 
I m' 0-- - - - -- -- Ij 1 

i' = 1, -
\ 
matrix, 

- - - -

Denote the set, (MIl' M21,- - - -, MN1) by M*l so that 

I 

"*" in a suffix position denotes the set over the suffix in position of 
the "*" 
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The 
the 

product L1 M* l forms a vector (1, "1) of NI elements, representing 
number of first legs on each modJJof transport, for each purpose, 

i.e., (1111, 1121, 11Nl' - - - - -, '111' 'I21' - - - - -, lIN1) 

For the second leg of all journeys, one can develop a matrix describing 
the transitions for each of the (li.n

) first leg elements. Expressed in 
probability form, this transition matrix is; 

1 2 I 
P11,- -P12 - - PlI where; 

I , 

2 I '" P .. ::: 

P21 " lJ 
I , 

" 
I "-
I " "-I '" 
I " 

" I '" 
PIl "-,I 

Then the �roduct, Ll M*l ,P*l will formthe vector, 

L1 M*2 ::: 111 �1112 - - .. - m1N� - - - - ]n rI12 

il 
i1 Pi 11 Pi 

' '''-
Pi

' 
21 "" '-

, "-
"-

, " 

iN , PiNl 

iN 

PiNl . 

"-

PiNl , 

where '11 mLj2 second legs are travelled on mode j for purpose i.·Simil�rly 
each of these III mLj2 can be decomposed to form a trans'ition matrix P*2' 

L1M*3.·::: L1 M*2P*2 = LIM*lP*1�*2 
If stationarity and a first order Markov chain can be found, then there are 
three matrices Ll' M*l and P**'), where .�*= P*l = P*2 = P*3' etc" which should 
be sufficient to explain the pattern of legs within the first journey. The 
next step will be to ihvestig�te whether the pattern of legs is similar for 
all journey 'purposes, i.e. whether t1, M*l'and P** explain leg patterns for 
journey purpose 1 as well as for journey purpose 2. 

'. 

In the transition matrix P** or in each appropriate transition matrix P** (if 
the process is not atationary) there will be a purpose::: . 'nopurpose' and a 
.mode � 'nomode' which defines the end of a 'journey and represents an absorbing 
state. The matrices can be used to investigate the pattern of legs before 
absorption but not the pattern of trips. Every leg change is represented 
within the transition matrix but, as trip changes are implicitly included, 
if the pattern of trips before absorption is to be investigated a different 
model is needed. 
Each of the lil �i12 - - - 'miIJ first legs can be decomposed with respect 
to the mode of transport on the second 1 egs whi ch fo 11 ow them and we can form 
a transition matrix, where li1 is purpose i on leg 1. 
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I 
I 

o " 
Pn 

where Pl1 = Pi 11 Pi12 - -PilN 
I ' , 

n 

" 
I , 

I 
I 

PiNI 

and E [p;jnJ = 1 
j = 1 

, . , 
\, 

, 

Pi NN. 

where Pi12 is the probabil ity for purpose i on both legs of using mode 2 on the 
secong leg having used mode 1 on the first leg. 

The produce LIMIPI will be equal to the row vector. 

= 

1 m where il llJ second legs are travelled on mode j for purpose i. 
Similarly each of these lil m2j second legs can be decomposed to form a 
transition matrix P*2' 

We now have Ll�3 = Ll�2�2 = Ll�2�1�2 

If a Markov process is found then the matrices Ll' M*I, P*2 are sufficient 
to describe leg patterns within a trip. Trip ends have been defined by including 
a mode of transport ( 'nomode ') as an absorbing state. 

It is unlikely that the modes of transport used on consecutive trips will 
be independent, e.g., if one goes shopping driving a car, it is not usual to 
return home by bus. . 

\ 
If mode 1 is defined as being the absorbing mode, and more than n people 

end their first trips after r legs, then the distribution of these n people on leg 
r 1S 

111 [ mlrl 0 ]- --lIl [ mIrl 

i 
where E 

1 = 1 
III mlrl = n 

and on leg r-l = ll1 [m m • • •  J 
1, r-l , 1 . 1, r-l ,2 

k i 
where E E [1 Il mI'� 1:'-1, k1. = n 

k= l  I= i 

o - - � 

• •  
111 [ m 

I, r-l, 1 
m 
I,r-l,2 .. J 

Each of these 1 i1 [� 
,r-1 ,1 

. .. � , r-1 , J 1 as t 1 ers can be decomposed with re spec t 

to the modes of transport and purpose on the first leg of a second trip wnich 
follows. 



AI R 300� 1 

Then transition matrices can be formed 

and, 
S**** = � j k 11--s j m 12 - - - - - - - -- - -s j k 11 

I ..... .... 
I ..... .... 

...... I .... , ...... I .... , 
I ' ...... .... 
I .......... 

Sjkll- ---- --- - '- - - � ': ::"-Sjkll 

6, 

k 
where � Sjrk1 = 1 

r = 1 
for each mode j 

Where Sjkli is the probabilit y  of going from mode j purpose 1 on the 
last leg of the first trip to mode k purpose i on the first· leg of the second 
trip . Similarly a transition matrix S can be formed to expl"ess change of mode 
·and purpose between second and third trips and a test can be applied for a 
unique S. 

Hence with the use of the matrices L�M,P,S it is possible to explain 
both trip and leg patterns within the first journey. Similar L,M,P,S matrices 
can be found for subsequent journeys and the previously mentioned statistical 
tests can be carried out to discover if their values are constant through all 
journeys. The row vectors L; are, however, more l'ikely to show some relation­
ship akin to a skew.distribution, since ihe number of people who undertake 
journeys are unlikely to remain constant throughout a day, and indeed a ful'ther 
di saggregati on over times of day woul d all ow thi s sort of data to be used for 
forecasting in conjunction with a ttansition. matrix procedure . As previously 
remarked, this general scheme will no�mally have to be modified by the initial 
transition matrix for first leg linkage, feeding a stationary first order 
Markov process for the subsequent legs only. In view of the dominance of 
single leg trips, this was expected to be an efficient way to handle multiple 
leg data in the Greater London Transport Stu9Y, and such a proposal was 
subsequently adopted by the GLC (reported in Heggie 's (1976) summary working 
meeting on this subject held in 1975 at Oxford University) . 

3. APPLICATIONS OF TRANSITION MATRICES IN TRANSPORTATION PROBLEMS 

Linkage between trips and between legs· cannot always be ignored, and that it 
is possible to test for its existence. If an nth order chain is detected the 
appropriate form of Markov process can be used to predict a pattern of future 
trip purposes or modes of transport on successive legs given any initial 
pattern of purposes or modes. It should be stressed that only if a first order 
or stational"Y process is detected can the history of each individual journey 
be ignored (thus the GLC approach) ; the nth order chain models are the only 
ones we have so far identified as suitable to handle the case of significant 
linkage along a whole chain . 
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The practical consequences are best described for specific examples. 
Data on complex journeys can be put "into the form of transition matrices 
between sets of states . These states may be changes of mode, changes in 
purpose, changes in location - or indeed any combination of these or other 
categori es. Informat; on ; s lost when constructi ng such aggregated matr; ces, 
but once set up, the importance of any specific set of state definitions can 
be tested di rectly . If a stat; onary process of firs t order is detected, then 
the history before the present state can be ignored and a stable pattern of 
transition probabilities through time can be relied upon . These are the 
assumptions implicit in transportation models that break up the major legs 
in a complete journey and aggregate them with all other legs of the same 
purpose or mode and regard the modal legs as 'trips' . This might well be 
adequate for many purposes� but if policies depend on decisions made earlier 
in a chain to affect conditions later in that chain (e .g., park and ride, 
pedestrianisation, etc .) , then it becomes important to check specifically 
whether or not this can be done . The method of carrying out this check may 
also provide the means for proceeding even if first order processes cannot 
be conf"irmed - as long as a higher order linkage is found. Stationarity is 
not essential , as matrices can be updated through time yet retain first order 
(or indeed nth order) Markov characteristics. 

If a first order chain is detected, the way is clear to build simple 
Ma�kov models of the process, based on this finding. If however it is 
d"iscovered that the experimentally determined transition matY'"ices do not 
contain a Markov chain of" any order, then it is impossible to treat each state 
transition as being independent on the previous history in reaching that state. 
In other words, the proof that a Markov chain does not exist proves that the 
connection between the different state is not independent of the prev'ious 
history of that each state transition is dependent on some complex function of 
the previous history. It would then be worth designing an explicit or causal 
model instead of a simple descriptive probabilistic Markov model. 

Sasaki (1973) starts with the basic premise that people start a day of 
trip making from a base, e.g . their home. If the returning p"lace of the final 
trip coincides with the starting place of the first, then a chain of trips is 
completed through a Markov process. Each trip has an associated purpose . He 
develops a theoretical model to determine the p'erson trip pattern, and the 
effect of variation of trip purposes and zones in his modal split model. A 
transition matrix of trip purposes is suggested, but no steps are taken to check 
on the validity of the treatment of the matrix as a Markov process . The expected 
total number of trips with purpose j after starting with purpose i are calculated 
from this matrix, but more as an example than an indicator of the general pattern 
of trips. Sasaki concludes that the origin/destination pattern of trips described 
as a Markov chain will be useful in estimatjon procedures, but that the values 
of the transition matrix between purposes shown in his paper would have to be 
verified before use." It is essential to test for the presence of a chain before 
Sasaki 's approach can be 4sed in any given test . 

Other �uthors adopting Markov approaches have also failed to deal with 
the statistical tests for Markov chains: Horton and Shuldiner (1967) dealt with· 
the case of land use linkages, and developed three two-dimensional transition 
probability matrices, showing land use at the origin of a trip related to the 
land use at the destination of a trip. A first order stationary Markov chain 
;s implicitly assumed, but no attempt is made to justify this assumption. They 
examined the transition matrices and drew conclusions (e .g. '92% of trip makers 
will be found distr"jbuted between four land uscs') and proceeded to use results 
calculated on the basis that their data represented a first order stationary 
Markov process, Typi Cd 1 results were: 'the expected average number of stops 
and variances of trips with a particular land use designated as the first stop ' , 
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'the expected mean number of stops per trip set, and the variance for the 
system as a whole ', and the mean first passage time (i .e ., the number of time 
periods it takes the trip maker to return to the state from which he started) . 
Their paper showed the potential usefulness of Markov models in handling 
complex data, linked changes but made no attempt to confirm that such models 
were consistent with the date or processes that they were studying! 

Other authors who explore the Markov approach include Gilbert (1972) " 

who dealt with neighbourhood housing turnover, and Gilbert, Peterson and Shofer 
(1972) whose paper dealt with linked trip behaviour . No investigation has 
been cartied out on the va'lidit y  of using a Markov transition probab'ility 
matrix to describe the system in these essentially theoretical papers and the 
other two mentioned earlier. Unfortunately insufficient data were published 
to allow a check on the validity of these basic assumptions in these published 
examples. 

If Markov-based models of journey patterns are to be effective and valid, 
the existence of a detectable linkage must be statistically confirmed. If any 
specif; c results are obtai ned then these vJi n determi ne the form of any such 
useful model, and must be available before any predictor model can be constructed. 
If linkage cannot be detected it is not possible to make any use of a deductive 
or, synthetic model which assumes its �resence. 

4. APP�ICATIONS OF TRANSITION ANALYSIS 

The more general application of transition matrix significance tests is now 
cons i dered. 

Tha analytical schemes discussed in this paper were developed to make 
effective use of the class of surveys typified by the survey of shopping in 
Watford by the Building Research Establ'ishment (1971), and the 1971 Reading 
re-survey {Downes, J.D. and Wroot� R. 1971) .  Both of these studies retained 
travel l'inkage information in an accessible form. Whilst a full treatment of 
linkages requires a consideration of purpose and mode we will first consider 
only trip purposes and ignore changes in the modes of transport used. 

If these are I possible purposes for a trip in the data for a day's 
journeys by a person, then the nrrnber of first trips on each purpose can be 
used to form the row vecto}' L ::: 1 1 . . .1 lwhere 1. first trips (1) are 

�-1 11 21 Il..\ 
' 11 

travelled for purpose i .  In a Markovian formulation one of these I 'trip 
purposes ' will actually represent Ino trips ' so that a transition to this state 
signifies the end of a journey. 

, I 
If there are til people ;n the survey then l: 1 ::: N . Each of these 1 

k ::: 1 k1 i 1 
fil's t trips can similarly be decomposed with l'espect to the purpose of the second 
trips whjch follow, and expressed in the form of a transition matrix �*1 where 
1 y, '1 is the number of people making second trips with purpose j and first 
i1 1J 
trips \oJith 
wMere Y **1 

purpose i. The product L*l Y **1 wi 11 be equal to the row vecto
,
r

J
L*2 

and where L*2 :::[1. ,1 ' ... I· as 1 
Yli( - -'--- -----yll1 12 22 I i2 
: 

�'.... ... ..... second tri ps are undertaken for 
: .... ... ... purpose i. 
I ........... 

Y111 
... 

Yll1 
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S imilarly each o f  those }2 second trips can be decomposed to form 
a transition matrix. 

Yr 12 

For these matrices to represent a Markov process the transition 
probabilities between trip pUfposes should be constant through time. Observed 
values making up these matrices can be tested by the statistical procedures 
ment'ioned previously. If necessary the level o f  representation o f  the data can 
be taken to a lower level o f  aggregated until ��arkov assumptions can be confirmed. 
Spilerman (1972) for example, makes the assumptions that -

(a) each individual or sub-population follows a Markov process and 

(b) that this behaviour is represented by a separate transition matrix for 
each sub-population, which must be estimated from the observed-choice 
data by regression. 

Anderson and Goodman (1957) specify tests for first order linkage by 
setting up transi t'jon matri ces o f  the form 

Z ***::: 

'Z121 
I ""'­

, 
I 
I 
lIl1 

where '4', 'k ::: are tIle transition matrix elements (ij) and k specif'ies the 
order o f  th

J
e chain linkage for a probability matrix Z*'**. 

The null hypothesis that the chain is o f  first order is tested against 
the alternative hypothesis that it is o f  second order. In the general case the 
null hypothesis tested is that the process is a chain o f  order n-1, and the 
alternative that it is a chain o f  order n. The appropriate set o f  In' 
transition matrices are needed. 

If a chain o f  order n cahnot be detected then there is no evidence o f  
linkage for any n ,  and trips can be regarded as independent o f  any linkage. 
If however the process is o f  order n but is not stationary (i . e. ,  the 
transition probabilities are not constant through time) then the model can still  
be used to  pred'j ct the pattern o f  future travel transi tions by retaining the 
different Z matrices, but a chain of order n must be established before models 
using transition probability matrices can be set up. 
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Data from a transport survey carri ed out i n  Reading (Local Government 

O. R. Uni t 1972) are now used to i llustrate the use o f  these tests to see i f  
li nkage between tri ps or legs can be i gnored or i f  i t  must be taken due account 
o f  i n  subsequent analyses. The producti on o f  the matri ces requi red substanti al 
reworki ng o f  the basi c data tapes, usi ng Beardwood's generali sed system of 
Table bui ldi ng and fi le mani pulati on (Mi lli er 1974). 

Four trans i ti on probabi l i ty matti ces were set up. Each matri x descri bes 
transi ti ons between di fferent purposes for up to four consecuti ve legs. To 
li mi t the si ze o f  thi s example several di fferent purposes were aggregated i nto 
groups:-

(a) Return home 

( b ) Go to \rW r k 

(c) Go to schoo l  

(d) On work/fi rm's/personal busi ness 

(e) Shoppi ng 

(f) Meals/soci al or recreati on/to take or collect another person. 

The four matri ces were tested for stati onari ty, yi eldi ng a value o f  
chi -squared o f  over 36,000 for 78 degrees o f  freedom. Thi s i ndi cates that 
these matr'ices do not represent a stati onary process. Later v10rk (I-lavers 1975) 
suggests that the exclusi on o f  the fi rst leg o f  non-home-based tri ps pel"m"its 
a Markov descri pti on o f  the l"ema'ini ng legs: a fi ndi ng si mi 'Jar to that gi ven 
for shoppi ng preci nct journeys later i n  thi s paper. 

The second 00der transi ti on probabi li ti es were set up i n  the three 
further ma tri ces descri bi ng transi t'j ons between purposes for four consecuti ve 
legs. Both the li keli hood rati o cri teri on and the x2 are asymptoti c and 
become less reli ab'le for small numbers. It i s  usually (Cochran 1952) 
consi dered that x2 wi ll be accurate i f  no more than 5% of  the observed elements 
are less than 5. If thi s i s  not the case further aggregati on o f  matri x 
categori es i s  needed. For the Readi ng'data thi s requi red aggregati on of  tri p 
pu�poses as fo llows:-

(a) Return home 

(b) Go to work/go to school 

(c) On \�ork/fi rm' s/persona 1 bus i ness/shoppi ng 

\ 

(d) Meals/soci al or recreati on/to take or collect another person. 

The three second order matri ces wete then tested for the presence o f  a 
fi rst order chai n. Anderson and Goodman' s test produced a value o f  chi -squared 
of over 97,000 on 90 degrees o f  freedom: thi s clearly does not i ndi cate the 
presence of  a fi rst order chai n. The three second order matrices were also 
unsuccessfully tested for stat-ionari ty wi th a. value o f  chi -squared of  over 
15,000 on 82 degrees o f  freedom. The process was not repeated for second order 
chai ns due to li mi tati ons i n  the programmi ng system i n  use. Li nkage can 0,lso 
be studi ed on a di fferent basi s. A seri es of matri ces representi ng the mode df 
transport change between legs were set up. The fi rst order matri x has four 
classes o f  modes o f  transport:-

I' 0 
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(a) drove car or light van/passenger in car or light van/taxi passenger/ 
drove commercial vehicle/passenger in commercia"1 vehicle, 

(b) bus passenger/train 

(c) drove motor cycle or power cycle/passenger on motor cycle or power cycle/ 
pedal cycle 

(d) walked 

This matrix was tested for stationarity and the value of chi-squared of 
over 2,000 on 33 degrees of freedom indicates that a stationary process does no.t 
exist. Evidently the use of tr'ansition ptobability matrices is not debal"red, 
but the assumption that a Markov process may be present is quite unwarl"anted. 
The general indications are that the first leg of a complex journey is best 
excluded if Markov models are to be adopted. . 

Data have been collected (Dalby 1973) on the type and sequence of shops 
visited in the Basingstoke shopping precinct. In this pilot survey records 
were available for 359 people who visited one or more shops in the precinct. 
Some of the cells in the transition matr'ix VJere therefore based on very few 
observations. Let these be I shops or groups of shops which may be visited. 

- : .;, 

The row vector S*1=[s ll ,S12 ' . �q1Jcan be constructed where 5il -is the 
number of people going to shop i on their first visit to any shop, If there 
W'people'in the survey � siJ = N. Each of these first visits ( s'l) can be 

i = 1 ' , . '  1 
expressed in terms of the next shops to be visited; this will produce a futther 
row vector for each element of the initial vector Sl: 

'" 

A transition matl"ix (Y **I) can 
thus be constructed. 

A transition matrix (Y**1) can thus be constructed. Where sil' is 
the number of people going to shop j immediately after a visit to shop of type i. 

I 
1: Y '''1= 1 
j=1 :'J and YijI is the probability of. visiting a shop of type i first and 

shop of type j. The product �l\,*Iis the row vector S*2 = �12, s
22  . .  

sI� then on the 

where si2 people visit shop i on their second visit to any shop. 

Each S**can be decomposed to form a transition matrix Y 2 and S 3=S2Y2 = S*1 J1 Y2 ** * * * *." * 
and so on. Restating the assumptions underlying the use of t�arkov chain theory: 

(a) If the probability of entering a particular shop depends only on the shop 
visited prior to moving bet'tleen shops ahd not on the earlier shops entered. 
For example if shop A, shop B and shop C are visited successively, the 
probabi 1 i ty of entering shop C depends .2.Dlt. on the shop B and not on the 
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fact that shop A was. previously visi.ted. This would be a first order chain. 
It is possible that a first order chain does not eX'ist, and it is necessary 
to examine nth order chains, e.g., if shops 1,2. 3 ,  . . • k+1, k+2 are visited 
s'uccessive'ly the probability (TI,i:}of entering shop k+2 depends on'ly on the fact 
that shops w, 3, 4 • • • •  k+l were visited in sequence, where 

k+1 
E TI" :: 1 
i. =2 1 

(b) If th'is probabilit y  (-Trti)does not change VJith time or position in the 
sequence of shops entered then the process I'JOuld be stationary. 

The statistical tests are structured such that it is conven'ient to test 
for the validity of assumption 2, but when do'ing this it must be assumed that 
the Y matY'ices correctly represent the systE.�m. As these Y matrices are restricted 
here to first order, the test may need to be repeated if nth order linkage is 
found 

If it 'is confirmed that a stationary chain ex'ists then X;J. = y? := Y3 
etc., and movements betl'/een certain type of shop follow an identlca'l*j5attfIrn 
whatever the position in the sequence of visits is observed. This deduction 
also depends on the existence of an nth order chain. 

The existence of an nth order chain can now be tested. If a first order 
, chain does not exist then it is possible that movements between certain shops 

are completely random, or depend on the complete sequence of n shops visited 
previously. Stationarity at second order is tested and a check made for second 
order 'linkage; these tests are repeated fo!" third, fOU1�th and to as high an 
order as there a!"e states in the row vectors. Second order linkage requires a 
set of Y matrices in the form I and Y'jjk is the probabilit y  of v'isHinq 

E Y"k = 1 . 
, 1 1 J 1 = 

shop type k after visiting shop type j and shop type i successively. These Y 
matrices vwuld firs't be tes�ed for stationarity with the modif'ied test in Appendix A. 

If neither 1 inkage or stationari ty is confi rmed then movements beivJeell 
shop types can :)e regarded as random. The same concl usion can be dra�m if 
stationarity but not 1 inkage is found. 

If linkage but not stationarfty is proved then the movement pattern 
for individuals visiting dif ferent types of shops can be described, i.eq a 
probability can be assigned to visiting a particular shop given the shop presently 
occupied and the last n-l shops entered (where n is the order of the chain). 
The movement pattern has been demonstrated to be unstable. This is reflected 
in the different Y matrices. 
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If both l i nkage and s tat'i onari ty are proved thell the sequence of s hops  
v i s 'i ted gi ven the fi rs t s ho p  i n  the ch a.i n can b.e pre.d i cte d. This requi re s  the 
row vector �1 and the matri x Y. 

The Basi ngs toke data are g i ven i n  i nci dence ma tl"i x form i n  Tabl es  1-6 . 
The corres pond i ng trans i t i on probab'il i ty matri ces are obta i ne d  by norma l i s i ng 
each row to uni ty. A c hec k for fi rs t order s tati onari ty i s  made fi rs t. Th i s  
i s  i ntu i ti ve l y unl ik e l y as  th e pr-obabi l i ty of  l eavi ng the prec i nc t  wou l d  
i ncrease  as  th e number of s hops  vi sit e d  i ncreased  ( see  [;'i g 1 ) .  Category 5 
( th e  s ta te )  of  be i ng outs i de the pre c i nct inc l udes tho se  peop l e  who l eave the 
prec i nc t  at the end of the i r  shopp i ng tri p. and those who l ea ve onl y temporari l y  
perh aps  to depos i t  s hoppi ng i n  the i r  car. Wi th more data these two categori es 
cou l d be separa te d , but the numbers i n  our s ampl e were too sma l l .  The movements 
beh/een s ho p  type s 1 - 4 i ncl us i ve fol" s tat i onarit y .  I n  s everal of the  tab l es 
1 - 6 s how th at more than 5% o f  the cel l s  contai ned l e ss than 5 entri es.  
Cochran ( 1952 ) s ugge s ts th at for I tab'l e s  wi th more than 1. de g l"ee o f  free dom 
and s ome expectati o ns gre a ter t han 5 use X2 wi thout correct i on'. 

S tat i onarity tes ts were app l i ed to ta b l es 1 - 4 excl u d i ng the s tate 
repres enti ng entry and exi t from th e pr;eci nct. The x2 va l ue o f  30�7 on 24  
de grees  of  free dom i s  not a s i gni f'i cant val ue , and  confi rms the hypothesi s o f  
fi rs t  order s ta tionari ty . Three further tests fOI" s tat i onari ty \lJere app· l i ed. 
The fi rs t wa s on s ho p  types 1, 2 ,  30 4.�' Onl y one ce l l  va l ue wa s "l e s s  th an 5 
and c h'i-square d  was 22 on  18 de grees o-f freedom . Th i s  a l so is no t signi f'i cant 
and i s  cons i s te nt h'i th fi rs t order stati onarity. For shop  types 1, 2, 3� 4 no 
ce l l va l ues were l es s  than 5 and x2 was 7 on 8 degrees  of free dom. Th'i s too i s  
cons i s tent wi th a fi rs t orde l" s tationary process. A s  the entry and ex i t ce l l s  

. h ad been exc l u ded , th e s ta ti ona l"ity the entry and e xit to the preci nct ce l l s  
\'l�S chec ked by testi ng tab '] es 1, 2, 3 and 4 wi th s �op  J�yp�s

. 
3 and 4 combi ned 

(1 . e. , 3Q4 ) "k a xL o f  59 on·33 degrees  of  freedom 1S s 'lgmf'l cant a t  the 99% 
l e ve l ,  and i ndi cates that the entry and ex i t proces ses  are not s tati onary a t  
any order, and 'i ndee d  probab ly  be l ong to a dHfere nt proces s: a commonsense  
concl usi on .  

. 

Movement between s ho 'p types 1, 2, 3/'/4 and 5 was te s te d  for fi rs t  order 
to g i ve a x2 of 26.7  on 2 1  de grees o f  freedom w l ri c h  i s  fu l 'l y  cons i s te nt wi th 
a fi rs t  order s tat i onary [�arkov cha i n .  The a s soc'i ate d  trans i ti on probab i l i ty 
ma tri x i s  

From To ' 1, 2 3·4 

1 .37 . 42 . •  21  
2 .2 3 .52 . 2 5 
304 . 2 5  .37 . 38 

A further aggrega t i on o f  s hop types v�as made between s hop type s 2, 3 
and 4 and tes ted for fi rs t  order.  x2 was 3 . 9  wi th 12 degrees  o f  freedom. Thi s 
is no t s i gni ficant. 

*3p4 Denotes a single state. 



T he as s oci ated tran s i t-i on  probab i l  tty matr"ix i s  

,From 

1 
2,3.4, 

,To ,1 

. 22 
.16 

,2,��, 

. 38 
.54 

.�-----�-�-------.---

14-

These s tati onary fi rs t order tran s i t i on probab"il Hy matrices can now 
be use d. The i n i ti al s tate vector dri v i n g  the fi rs t order Markov pro cess  i s  
con�tru c ted from the observed data as fo l l ows: 

The pl"obab i l i ty that the fi  rs t s ho p  vi  s i ted  i s  type 1 i s  .36 
II 1\  II II II II II II II 2 i s  .31 
II II II II II II II II II 3 or 4 i s  .33 
II 1\ 1\ II II II 1\ II II 5 i s  zero 

These fo ur probab i l i ti e s  can b e  combi n ed i nto an i n it-i al probab i li ty 
ve ctor (.36 .31 . 33 ; 0). It can now be deduced t hat. havi n g  starte d i n  
s ho p  type 1 i t  w i n  take o n  average 1/.36 = 2.78 s hops  be fore s ho p  type 1 i s  
v i s i te d  agai n.  

The i n i ti al probab i l i ty vec tor i s  mu'l t i p l -i ed by the transi ti on matri x 
to obtai n the probab i l ity vec tor (0.30, 0.45, 0.34) e s tab l i shi n g  the probab i l i ti es 
that the s hopper i s  i n  any o f  the  s hops  for the second shop  vi s i te d .  A s  i t  has 
been s hown that the tran s i t i on probabn H-i es  rema'i n con s tant o ver t i me, the 
probab i l  ity that the s ho pper wi 1 1  be  i n  shop type X vJhen the thi rd shop of 
the i r  v i s i t  to th e ptec i nct may be e s tab l i s hed by mul ti p l y i n g  the n ew 
probab i l i ty vec tor by the matri x o f  trans i ti on probab _ili ti es; once they have 
v'i s i te d  s hop  type 2, they are more l i ke l y  to vi s i t  s ho p  type  2 agai n� and 
the probab i l i ty of v i s i ti n g  s ho p  type 2 after h avi n g  vi s i te d  one s hop i s  .44. 
B ut t he probab'i li ti es  do not  vary greatly  so too great an emphas i s  shou 'ld not 
be based  on these de ducti ons.  I t  i s  pos s i b l e to e s tab l i s h whether or not . 
there ex'is ts an equi l i bri um or bal an ce s uch  that the  probab i l i t y  o f  being i n  
any ShOP

p'.

�em:i nS[
I
�::n s ta� :: We �:�� then  form the tran s i ti on probab'i l i ty matri x: 

. 28 . 44 . 28 

. 28 . 44 . 28 

Th i s  can be i n terpreted by s ayi n g  that i n  the l on g  run food shops  wi l l  
be v i s i te d  28% o f  the  t i me ,  departmen t  s tores  44% an d o ther s hops  28% of  the 
t i me and a l so  i f  a s hopper s tarts i n  a foo d  s ho p  then  i t  takes an average of 
1/. 28 = 3.5 s hops  v i s i te d  be fore we return to a food s ho p . A s tate i n  a 
t�arkov chai n i s  an absorb-i n g  s tate i f  i t  i s  i mpo s s i b l e  to l eave i t . Say for 
t h e  s ake o f  th i s . exampl e  we make vi s i ti n g  a food  s hop  an absorb i ng s tate then 
o ur tran s i ti on matri x P woul d be  

P = l23 
0 
. 52 

. 25 . 37 

Then NS: = G ·34 4.14] 
�2� l et Q = 

. 38 [52 
. 37 

. 2 � an d N = ( I  - Q r 1 i f C = [U 
.38 N = p. 02 1. 2� 1 

1. 8 2. 3  
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\4e can conclude that s tarting from s ho p  type 2 it will take 4.24 
shops befo re s ho p  type 1 is visited. S tarting a s hop  type 2 the number of 
times shop type 3 .4 is visited befo re s hop  type 1 is v·i sited is 1.220 

Having found evidence of s tationarity and a firs t o rder chain on s u ch 
a small and res tricted sample, there are s trong indications that a Markov"i an 
analysis could be applied to the data if larger s cale s urveys of this type 
co uld be undertaken. It is interes ting to  note that p recinc t movement 
patterns can be des cribed so simply. The values of the  transition p robabilities 
are so close that when constructing a causal model it would be reasonable to 
tes t  the hypo thesis that the decision to visit any shop  was random before any 
more complex analyses vJere done. 

6. CON CL US I ON S  

Markov p roces s  models have a useful place in t h e  analysis and representation 
of linked journeys in trans po rtat i on planning. I t  is es sential to tes t the 
val idity of as s uming that a �1arkov cha"i n  is embod·led in the data set befo re it 
is used9 and a number of different applications of [v'\arkov transition "i deas 
to trans port proo"l ems have unfortunately omitted t his s tep. The methods fo r 
using the tes ts are twofold: 

(a ) to check on th e val.idity of ass umptions that migh t be made vJhen 
designing s urveys  o r  building models of linked p roces ses,  and 

(b ) to delineate the bes t Markov p ro cess that might be used to 
des cribe the sys tem if one can be found. 

The sho pping p recinct illus tration s hows how bo th applications arise , 
and s ugges ts that if the init·i al leg ( or  lentry trip into the pro ces s' ) is 
excluded, the use of trans ition p robabilHy mat rices fo r s uch  ·i nt rac table 
modelling iss ues s uch  as park and ride, non horne-based j o uY'l1eys, linked mo dal 
choice j o u rneys and pedes trianisation now loo ks p romising. 

Repo rt written by· � \ \ \ . "'i11 .t\'(i{f¥,f�} \� 

Repo rt 

�1 R Wi gan l 

�.�·t:h!WYtf.i .. /1)9. 
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reviewed by: IV�� 
M G Lay 1 
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APPENDIX A 

STATISTICAL INFERENCE ABOUT MARKOV CHAINS 

These result s are drawn from the work of T.\�. Anderson and Leo A. Goodman 
(19S7) and apply to both first and higher order chains. 

1.1 ESTIMATION OF THE PARAMETERS OF A FIRS T ORDER MARKOV CHAIN 

The Mode 1 

Let the States be i = 1� 2 -------, m 
and the times of observation by t = O� 1, ------- , T 
and Pij (t) ::: probability of j a time t qiven i at t-1 

Consider both (a) stationary transition probabilit"ies (Pij(t) = Pij Vt) 
(b) non stationary transit ion probab"ilities. 

let ni(O) = the number of individuals in �tate i at t=O. In this section 
the n1(0) are non random9 the random case is given later in Anderson and 
Goodman's case, but is trivial. 

An observation on a given individual consists of the sequence 
of states at t = 0,1,2 ._-----, T i.e. HO), 1(1) ------, i(T).-
From the initial state i(O) there are mT possible sequences 9 represent"ing 
mutually exclusive events with probabilities. 

Pi(O)i(.l) Pi(1)i(2) ------� 
Pi(T-1) i(T) 

let ni/t) be the number of indl-v.·id,uals,in state i at time t-1 a�d in state 
j at ti me t. I t can be shovm that the set of n· . (t) (a set of m T numbers) , 1 J , 
form a set of sufficient statistics for the observed sequences and that 
n·, = In., (t) lJ i lJ 

1.2 MAXIMUM LIKELIHOOD ES TIMATES 

If the process is stationary we can estimate the p, , I S by maximising lJ 

T n gj (t) n, . �)J 
II II P , = II P .. 

t:::l ·  g,j QJ i ,j lJ 
. .  
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n 

w. r. t. P .. and subj ect to P .. > 0 and � P . . :::: 1 lJ lJ - 1J j=l 
" n· . 

which gives es t'imates P .. == �- where n· :: � (n .. ) 1J n. 1 1J 1 j 
A 

If the process is not stationary P .. (t) . 1J 
:::: n .. (t)/� 1 J k=l 

(ni k ) 

Asymptotic behaviour of �ij(t) 

It can be shown that Ii1 (Pij - P;j ) has an asymptotic normal distribution 

Tes tS��'ypotheses about specifi c probabni t·j es and confi dence regi ons 

(a) The hypotheses that the transition probabilities are constant 
can be tested by the null hypotheses HO : Pij(t) Vi 9j ,t 
under the alternative hypothesis, estimates of transition 
probabilities �re given by 

n .. (t) 
(. 1 J P t == -�. 

i j ) n . (t-l) 1 
T A 

The likelihood function maximised under Ho is II 
t==l 

( P .. )(n, . ( t)) 1.) 1J 

A 

and under HI 5 i s tr: 
t 

lIT ·  
i ,j 

(P .. \ 1 .J (t))(n .. (t)) 1J 

The ratio H/Hr is the likelihood 
rati 0 criteri on A 

A :::: II II P .. 
·t i,j A'IJ(t) (nij(t))  

P .. 1J 
where -2 log A has a x2 distribution 
with (T-l) m(m-l) degrees of freedom 
(Note that this tests Pij(t) Vi) 
alternatively for a given i 

A. :::: II 
1 t' ,.J 

where -2 10gA is x2 with 
(m-l(T-l) regrees of freedom 

The distribution P .. (t) can be compared 
. \ 1 J 

over j for the various val ues of t. 

The i test of homogenei ty can be used 
and we calculate 

2 A 2 
Xl == 

� n . ( t-l ) [P. (t ) - P .. 1 I P .. 
t · 1 1n 1.}J 1J ,J 

which has a x2 distribution with 
(m-I)(T-I) degrees of freedom 
(Note that this tests whether the 
P .. (t) are constant for a given i) . 1.1  
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These a re tvlO a l te rnati  ve tes ts whi ch  both te s t con s ta:1cy of p ,  , ( t) fo r 1 .) 
a gi ve n  i .  They can ea ch be s ummed ove r  to g i ve tes ts fo r a l l i .  

1 . 3  TESTS O F  TH E HYPOTH ES I S  THAT TH E CHA I N  I S  O F  A G I VE N  O RDE R 

Let  11 .  ' k ( t )  be  the n umbe r o f  i n d i v i dua l s i n  s tate i at ti me .  t-2 , "i n  j 1 J ' 
a t  t-l  and i n  k at  t .  A l so l e t  n i j ( t- l )  = E n i j k ( t ) 

. k 

Then th e ll i j k ( t )  ( i  , j , k  = 1 - - - m ;  t = 2 - - - T )  i s  a s e t  o f  

s u ffi c i ent  s tati s t"i cs fo r th e d i ffe t�en t sequences  o f  s tate s , The 

cond i t i on a l  di s tri b uti on of n i j k ( t ) ; g i ven Il i j ( t- l )  i s  

th e n "  ( 1 ) a re non ran dom 1J 

\'Jhe n the proce s s  "i s n o t  s ta t" i ona ry P " k s ho ul d be  re pl aced by 1J 
the appropri ate P ; j k ( tJ . The max'i mum l i ke l "i hood e s ti mate o f  P ; j k  fo r 

s tat "i on a ry ch a i n s  -i s f n .  ' k
( t ) / zn . .  ( t- l ) .  Tes t  by the n ul l hypothes i s  

. t::::2 1 J 1 J 
. H� : P l j k  = P2 j k = - - - P i k · fo r  j ; k = 1 - - - m i � e .  � tes t  the hypothes i s  

th at  c h ai n i s  o f  fi r s t  o rde r aga i n s t  the  a l te rnat i ve hypothes i s  that i t  i s  " 

se cond o rde r .  

, 
The l "i ke l i hoo d rati o cri t e r i on for ' 

te s ti n g  th i s  hypothe s i s i s  

� T T 
whe re P ' k = E n ' k ( t ) / z  ( n , ( t ) )  

J t=2 J t= 1 J 

i s  the maxi mum l i ke l i hood e s t i mate 

of P j k 
Under the  n ul l hypothes i s  -2 l og A 
has  an  a symptot i c  x2 d i str i but i on 

wi th  m ( m- l ) 2 degrees of  freedom . 

Another  test  of the hypothes i s 

of  h omogene i ty can  be obta i ne d  by 

2 _ * A A 2 A 
Ca l c u l ate x ·  - z n . .  ( P .  ' k - P ' k ) P ' k ' J i k 'J 1 .J J J 

whe r� n '1 . = 1 .) 
T - l  
E 
t=1  

n ,  . ( t ) "I J 
2 I f  the hypothes i s  i s  true x .  has  1 

usua l  l i mi t i ng d i str i but i on wi th 

( m-l ) 2 degrees of  free dom 

the 
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calculating 

AJ' = IT (P 'k/
P "k)(r1 1 J' k) 

i k J 1 J 

where the asymptotic distribution of 
-2 log A is x2 with (m_l)2 d . f .  

1 9  

Eithe r  -2 log A .  o r  iJ, may b e  summed ove r j to give a test for all 
2 

J 
i with m(m-l) d . f .  

' \Consider the j o i nt hypothesi s  that Pi jk  '" Pjk IJ i. j . k. = 1 --- m 

� -2 log A ,  ::: 2 I n , ' /  0 ogP , ' /  -
j :::l ,J ijk lJ < 1 ;)  ( 

log Pj lJ 
2 X '" 2: 

j ik 
n--!' , 1 .1 

A " A 

2 �' (P " k  - P ' k) IP 'k 1 J ' J J 

with m(m-l)2 degrees of  freedom 

'Gene ra1 isat "ion fo r a chain of o rde r r 

H . P "  - - - kl ::: 
p , .- - - k 1  i ::: 1 _ .- - m is the cha "in of  o rde r r- l o ·  l J  J -

The alternative hypothesis is that i t  is a chain o f  orde r r ,  

The maximum likelihood estimate o f  p "  - - - 1 "\ is l J  < 
"-
P . . - - -l J k1 

where n ,  , - -
1 J kl 

T-l 
n* k 2: - - - '" ij t=r-l 

= n ,  , l J  
T 

::: 2: 
t=r 

n ,  , l J 

- - -

n ,  , 1J  

k (t) 

, ",/nt , < 1 J .. -

- -- (t) 'k 1  

k 

and 

\ , k '" IT (P , kl / P . .  f\ l - - - ijl J - - l J 1){ nij-- · k 1 �If the null hypothesis is true then 
2' 

whe re -2 log Aj _ _  k is x2 with (m_l)2 
degrees of freedom 

x ' k J - --

'" 2: 
i , 1  

A A 

2 nt , k ( p , ' - - -k1 - - -P , k 1 ) IP,' k l J - -- . l J  J - - - --,  

A 

\"{he re P '" 
j - -kl 

I T T  - 1  . 

2: n ' __  kl(t)/2: (� ' _ _ _  k(t)) 
I t=r  J t=r-l J 

with (m-l)2 degrees of freedom 

Again the test can be gene ralised to test fo r all combinations j - - -k by 
adding the x2 values to give a x2 with m2(m_l)2 degrees of freedom . 
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TABLE  I 

FROM 

1 
2 
3 
4 
5 

N UMB ER OF  F I RS T  SHOPS V I S I TE D  RE LATE D TO 
-iTUMBEROTS1:-CON DSHO�S-vrsTfElS--

TO 1 2 3 
-----

38 37  9 
2 1  50  5 
12 1 5  6 
9 1 8  7 
0 0 0 

--� ----.".....-....."" 

NOTE : Defin i t ions o f  abb r ev ia t i ons u s ed i n  Tables 1 - 6 

1 .  Fo od and dr ink s hops := S a insbury t s )  Ar thur Cooper e t c . 

2 1  

4 5 

4 40 
1 3  2 4  
9 18  

1 2  12 
0 0 

2 .  D epar tment S t ores := Ho o lworths , Harks & S p enc er 8 � �\1 . H .  Smi th etc . 
3 .  Banks , Financ e ,  S ervices and Ent er t a inment s "" B anks Gasbo ard , Lib ra r y , 

Travel Agent s ,  e t c . 
4 .  O t her := Clothing shop s ,  d i s c o unt s tores , news agen t s , e tc . 
5 .  Out s id e  the p r e c inc t .  

TAB LE I I 

FRO�1 

1 
2 
3 
4 
5 

TAB LE  I I I  

FROM 

1 
2 
3 
4 
5 

TO 1 2 3 

18 : .2.6 2 
2 0  5 7  . 2 
6 9 2 
8 10 2 

12 1 1  2 

N UMBE R  O F  TH I RD SHOPS V I S I TE D  RELATE D TO 
N UMBE R O F  FOURTH SHOPS V I S I TE D  

TO 1 2 3 

8 1 3  7 
2 0  31  4 

2 0 1 
6 7 2 
4 5 0 

4 

9 
1 9  

5 
9 
2 

4 

6 
20  

1 
1 1  

3 

5 

2 5  
2 2  

5 
9 

� 

5 

30 
38 
6 

1 8  
0 
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TAB L E  I V  

-----

FROM 

1 
2 
3 
4 
5 

TABLE  V 

-----

FROM 

1 , 1** 
1 , 2 
1 , 3 {l4 
1 ;5--
2 , 1 
2 , 2 
2 , 3 �,4 
2 ,5 
3 , 4 , 1  
T;4, 2 
3 ,4 3 .;:.4  
3 , 4 , 5 
5 , 1  
5 , 2 
5 , 3 (,4 
5 ,-5 -

N UMB E R  O F  FOURTH SHOPS V I S I TE D  RE LATE D TO 
N U�1B-E R ' O F  FI FTH SHOPS V I S I TE D  

TO 1 2 3- 4 

7 6 1 2 
8 2 0  4 9 
2 5 1 2 
4 10 , 3 4 
9 3 0 2 

N UMBE R O F  F I RST  AND S E CON D SHOPS V I S I TE D  RELATE D TO 
�--NU�mrlr--b F TH J RO-SH 0 P S--\TI S I TE D ----------

��-------

TO 1 2 M* (-::> 

7 1 3  4 14  
8 1 3  6 10 
1 2 6 4 
7 7 2 0 
5 5 5 6 

10  25  1 1  4 
4 T 6 1 
3 1 1 0 
6 8 2 5 
2 19  \ 4 8 
9 10 6 9 
2 3 1 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 

*. Group' such as �� represen t  the a ggregation o f  groups 3 and 4 .  
* '� Gr oups s uch as 9 , 5  repre s en t  the sequence 9 follo'ved by 5 a s  an 

init ial s ta te . 

22  

5 

24  
1 5  
4 

20 
0 
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TAB L E  V I  

N UMBE R  O F  SE CON D AND TH I RD SHOPS  V I S IT L D  RE LATE D TO 
-----Nur�BTI 0 (-(au RTH-SHOPsvls1 TEl) . -----------------,-FROM TO 1 2 3 04 5 

I 1 � 1  1 4 2 1 1  
f ; 
! 1 , 2 4· 8 4 10  I I I 2 ,�4. 1 2 2 6 ! 

1 , 5 2 3 2 0 ! 
I ! \ 

I 
f 2 , 1 4 2 4· 10  I ! 2 , 2 3 14  11  19  1 

2 , 3 � 4 3 5 6 7 I, 2 , 5 1 1 0 0 I 
4 

t 
.1, 4 , 1 1 6 3 I 1.oJ., 2 2 5 5 '1 

��, 3,&4. 2 0 7 9 I 
��, 5 1 1 1 0 'I . .  
5 , 1  2 1 4 5 

5 , 2 1 4 4 2 

( 5 ,  3 ., 4  2 . 0 '0 2 
1 

5 , 5 0 0 0 0 · r  I r I' 
t-

. .  



1 . 4  TEST O F  THE HYPOTH E S I S  THAT SEVERAL SAMPL ES ARE FROM 
THE SAr1E �1ARKOV CHA i N  OF A G I VE N  ORDE R 

( It  vwu l d  appea l" thut s tati onary cha i ns  h ave been  as s umed ) . 

. I f  the re
. 

a re ( 11 )  S fi rst  o rder cha i ns  the l"e vri l" l  be  S e s t i mators of  

each  P , . ,  Ca l l thes e P'l' J' )  h = 1 - - - S . 1 J 
to tes t  H : P . , = P , . fo r 11=1  - - -- S an d j =1  - � - n o l J  l J  . 

whe l"e P � .) 
1 .] 

an d n � ·. ) = L :n . •  
( h )  

l J  h 1 J 

24 

wh i ch h as a x2 d i s tl" i b uti on wi th 

m ( m ·· l ) ' degrees of free dom 

th The pape r actua l l y  gi ves the I"es u l t fo r r o rde r c ha i ns  

The paper by  Anders on and  Goodman g i ves a l te rn at i ve tes ts 9 t he  x2 
and  the l i ke l i hood I"a ti o c r i ter i a .  Befo re o n e  c an j�dge whi c h  te s t  i s  the 

bes t to use i t  i s  advi s ab l e to k now and compare the powe r of the x2 an d the 

l i ke l 'i hood rat i o tes ts .  R. W .  L i s s i t z' ( 1972 ) ' compar i son of the s amp 'l e  powe r ,  

of  the  c h i - s q ua re a n d  l i ke l i hood rat'i o  tes ts o f  t h e  a s s umpti on s fo r 

s tochas ti c mode l s ,  does j u s t  th i s .  He s ta tes  that  a computer program was 

used  to i nves ti gate the pov�e r o f  both the c h i - square and tran s fo rmed 

l i ke 'l i hood rati o tes t  s tati s ti cs under fo u r  s amp l e s i zes ( 25 ,  5 0 ,  75 , 100 ) 
an d two pe rcen tage l engths  ( 3  and  5 ) . 

Th ree tes t  s i tuati ons  we re i n ve �ti gated 

1 .  An order zero s ta ti ona ry p rocess  as  n u l l hypo thes i s ,  but the 
popu l at i on a ctua l l y  spec i fi ed  to be  o rder  one,; s tat i onary .  

2 .  A n  o rde r on e s ta ti on ary p ro.cess  a s  n u l l hypothes i s , but the 
popu l a ti on spec i f i e d  to be o rder two an d s ta ti on ary ,  and 

3.  An o rde r one  s tati onary p roce s s  as  n u l l hypothes i s ,  b ut ,  the 
pop u l a ti on spec i fi ed to be o rde r one . 
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A spec i fi c tran s i t i on was chosen  as i n put  to the p rogram for 
each  o f  these three case s . 

2 5  

Two sets o f  a l pha  crH i cal va l ues we re used fo r the  . 1 ,  . 05 ,  . 0 1 
a l pha  p ropo rti ons . One set  was ta ke n d i re ct ly  from the s tandard tabl e s  
for ch i square d i s tri b ut i on and  the other set  was empi r i ca l l y  gene ra ted  
from a generate d  d i s tri b ut i on w i th sma l l samp l e s i ze .  Th i s  however wo u l d 
be unneces s a ry ,  w hen l a rge s amp"l e s l'Je re bei ng  con s i dered . Hhen  the a l pha  
cr i ti ca l  val ue was gene rated the  l i ke l i hood rati o s tati s ti c  ( -2 1 n � ) an d the  
ch i - s q ua re s ta ti s ti c beh aved very s i mi l a rl y ,  howe ve r  the l i ke l i hood rati o 
s tat i s ti c h ad greater powe r when tabl ed  va l ues o f  the a l pha c ri t i ca l 
reg i o n  we re use d , b ut  the d i ffe re n ti al powe r was mo re pron ounced wi th  
smal l e r s ampl es . A l so  w i th the l a rge r n umb er o f  s tages , the two te s t  
s tat i s ti c s approach each  other i n  powe r .  a s  a fun ct i o n  o f  s amp l e s i ze ,  a t  
a s 1 oVve r r' a  te . 

Th i s  s ugge s ts e ven  though the l i ke l i h ood r'ati o cri te r i a has  gr'eater 
power , for l a rger s ampl es t.he d i ffe l�ent "i a l powe r i s  sma. l "! � and there fo re 
i t  wou l d not be too unreaso n ab l e  to u se  the ch i s q uare d  s tati s ti c whi ch 
i s  eas i e r to compute . 
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